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The existence of topologically protected edge modes is often cited as a highly desirable trait of topological
insulators. However, these edge states are not always present. A realistic physical treatment of long range
hopping in a one-dimensional dipolar system can break the symmetry that protects the edge modes without
affecting the bulk topological number, leading to a breakdown in bulk-edge correspondence. It is important
to find a better understanding of where and how this occurs, as well as how to measure it. Here we examine
the behaviour of the bulk and edge modes in a dimerised chain of metallic nanoparticles and in a simpler non-
Hermitian next-nearest-neighbour model to provide some insight into the phenomena of bulk-edge breakdown.
We construct bulk-edge correspondence phase diagrams for the simpler case and use these ideas to devise a
measure of symmetry-breaking for the plasmonic system based on its bulk properties. This provides a parameter
regime for which bulk-edge correspondence is preserved in the topological plasmonic chain, as well as a framework
for assessing this phenomenon in other systems.
1 Introduction
Topological insulators (TIs) are often described as ma-
terials which have insulating bulks but support surface
or edge states that are strongly protected from disor-
der or other perturbations by topology. Some time after
the introduction of topological physics in the Hermitian
quantum world [1–6], photonic systems were shown to
also exhibit topological properties [7–17]. These pho-
tonic topological insulators (PTIs) have exciting ap-
plications for unidirectional waveguides [10] and las-
ing [18–20] and show interesting effects in coupling to
quantum emitters [21]. In addition, TIs have been
shown to interact with light in intruiging ways [22].
PTIs offer a useful platform to study how TIs are af-
fected by non-Hermiticity, which can emerge as a conse-
quence of loss, gain and phase information in photonic
systems.
The topological properties of a system are specified
by the symmetries of its Hamiltonian. In the Hermi-
tian case a ‘periodic table’ of symmetry classes and the
corresponding topological properties has been know for
some time [23], while in comparison the non-Hermitian
equivalent has been found very recently [24, 25]. Prior
to this discovery some non-Hermitian symmetries had
already been identified and studied in detail, such as
the well know parity-time (PT ) symmetry, where in
the photonic context loss and gain are carefully bal-
anced so that the Hamiltonian has real valued eigenval-
ues [26–28]. In this work we consider a one-dimensional
system with links to the famous Su-Schrieffer-Heeger
(SSH) model [29, 30], whose topological properties
emerge due to chiral symmetry. Chiral symmetry is of-
ten also referred to as sublattice symmetry, because the
sublattices in a chirally symmetric system are identical.
Topological insulators typically have a topological
number associated with the bulk and surface or edge
states depending on this number. Systems which are
both in a topological phase and which have the correct
number of surface or edge states related to the bulk
topological number are said to have bulk-edge corre-
spondence (BEC) [31], which is sometimes thought of
as a requirement for a system to be a TI. There is, how-
ever, some discussion in the literature that this may be
too narrow a definition and that some materials can be
said to be topological in spite of a lack of edge or surface
states [32, 33]. Even so, the existence of topologically
protected edge modes is often desired. The question of
the existence of BEC is a topic currently of great in-
terest in the field of non-Hermitian TIs [34–43], where
some propose new topological numbers specific to non-
Hermiticity [44]. Hermitian systems can also exhibit
BEC breakdown due to breaking of the symmetry that
protects the edge modes [45].
In a previous work we studied the one-dimensional
topological plasmonic chain with retardation and radia-
tive effects and showed that it acts as a non-Hermitian
topological insulator with edge modes due to an ap-
proximate chiral symmetry [46], as did others with a
different mathematical approach [47]. In fact, when
long range hopping is considered the chiral symmetry
is “trivially” [46] broken by an identity term in the
Hamiltonian, but the system still features the same
topological numbers and phases because it retains in-
version symmetry. Although technically any break-
ing of chiral symmetry removes topological protection,
when the contribution from long range hopping is small
enough edge modes still exist and feature some protec-
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tion. However, in similar dipolar models such as cold
atoms and phonon polaritons, for certain parameters
of the chain the edge modes disappear while the Zak
phase remains unchanged [48, 49]. This is bulk-edge
correspondence breakdown caused by chiral symmetry
breaking due to long range hopping. Since realistic pho-
tonic systems often feature some degree of long range
hopping it is necessary to understand how this affects
the existence of bulk-edge correspondence.
In this work we study BEC breakdown in this real-
istic physical model and also a simpler non-Hermitian
SSH model, defining a model-specific measure of non-
chirality to elucidate where BEC breakdown occurs.
2 The topological plasmonic
chain
The topological plasmonic chain in question is a one-
dimensional chain of metallic nanoparticles with alter-
nating spacing, depicted in figure 1(a). There are two
particles per unit cell labelled A and B with radius a
and unit cell spacing d. Intracell spacing is given by
βd{2 so that the parameter β describes the staggering
of the chain, with β “ 1 equally spaced. The alternat-
ing spacing is reminiscent of the SSH model which has
alternating hopping on a one-dimensional lattice [29],
and reproduces the physics of the SSH model in the qua-
sistatic limit [50–52]. Similar SSH-like physics has also
been studied in zigzag chains of nanoparticles [53,54].
When the centres of the particles are further apart
than 3a the particles are well described using the cou-
pled dipole approximation (CDA) [55],
1
αpωqpn “
ÿ
m‰n
Gprn, rm, ωqpm, (1)
where pn is the dipole moment of the nth particle,
Gprn, rm, ωq is the Green’s dyadic between the posi-
tions r of the nth and mth particles at frequency ω,
αpωq the polarizability of the particles.
We use the modified long-wavelength approximation
(MLWA) for the polarizability,
αpωq “ αqspωq
1´ i 23k3αqspωq ´ k2a αqspωq
, (2)
where the second term in the denominator accounts for
radiative damping and the third is the dynamic depo-
larisation term [56]. The wavevector magnitude is given
Figure 1: (a) Schematic diagram of the topological plas-
monic chain and (b) the two distinct and decoupled polari-
sations
by k “ ?Bω{c, where B is the background dielectric
and αqspωq is the quasistatic polarizability given by
αqspωq “ a3 pωq ´ B
pωq ` 2B . (3)
Here pωq is the dielectric function of the particles, in
this work given by the Drude model,
pωq “ 8 ´ ω
2
P
ω2 ` iω{τ . (4)
We consider silver nanoparticles in air, so that 8 “ 5,
~ωP “ 8.9 eV, τ “ 17 fs [57] and B “ 1. We take
small particles with radius a “ 5 nm, leading to a sin-
gle particle surface plasmon resonance (SPR) frequency
of ~ωsp “ 3.36 eV. These particles are small so that
MLWA and quasistatic approximation for the polariz-
ability give very similar results, but the use of MLWA
allows the potential for larger particles. Typically the
quasistatic approximation is reasonable below a radius
of 20 nm and MLWA below 50 nm [58]. The radius we
consider here is large enough to treat the particles clas-
sically (ą 2 nm) [59] but small enough to make the ap-
proximation that ω “ ωsp in the Green’s dyadic, lin-
earising the function. This simplifies calculations by re-
moving ω dependence from the bulk Bloch Hamiltonian,
and is a good approximation for small particles because
ω varies faster in the polarizability than the Green’s
function. For larger particles the approximation be-
comes inaccurate at the light line kx “ ˘?Bω{c.
For the one-dimensional chain the x, y and z com-
ponents of equation 1 decouple. This leads to two dis-
tinct polarisations of the particles, longitudinal (x) and
transverse (y and z) in figure 1(b). It is helpful to re-
label particles by unit cell and sublattice, leading to a
set of equations
d3
αpωqp
ν
A,n “
ÿ
m‰n
gνpm´ nqpνA,m
`
ÿ
m
gνpm´ n` β{2qpνB,m,
d3
αpωqp
ν
B,n “
ÿ
m‰n
gνpm´ nqpνB,m
`
ÿ
m
gνpm´ n´ β{2qpνA,m, (5)
where ν “ x, y, z represents the direction of polarisation
and the linearised reduced Green’s functions gνprq are
given by
gxprq “ 2e
ikspd|r|
|r|3 r1´ ikspd|r|s , (6)
gy,zprq “ ´e
ikspd|r|
|r|3
“
1´ ikspd|r| ´ pkspdq2|r|2
‰
, (7)
with r the spacing between particles divided by d and
ksp “ ?Bωsp{c the mangitude of the wavevector of
light with the same frequency as the single particle
SPR. We refer to the third term in the transverse re-
duced Green’s function (equation 7) as ‘long range’,
2
Figure 2: Real part of the dispersion relation of the topological plasmonic chain with a “ 5 nm and kspd “ 0.42pi for the
(a) longitudinal polarisation and (b) transverse polarisation, which corresponds to d “ 77 nm. Band colouring shows how
φ changes for each band away from the centre of the BZ. Not depicted is that the upper and lower bands have a phase
difference of pi.
as it decays proportional to the inverse of the parti-
cle separation. In addition we note the finite lifetime
of the plasmons, which cause decoherence between the
nanoparticles. Dipoles can only interact coherently if
they have separation less than cτ{?B , which we take
into account by setting gprq to zero if rd ą cτ{?B .
This system is physically identical to one we exam-
ined in a previous work, but we use a slightly different
model. By linearising the Green’s functions we reduce
the numerical difficulty of the model and allow ourselves
to consider longer chains. The addition of the plasmon
lifetime based cutoff removes physically unrealistic di-
vergences at the light line.
In order to understand the topological properties of
the system we study the bulk by considering an infinite
chain. We relabel particles by unit cell and sublattice A
or B and apply Bloch’s theorem to arrive at the eigen-
value problem
Gνpkxq
ˆ
pνA
pνB
˙
“ Epω, kxq
ˆ
pνA
pνB
˙
, (8)
where kx is the x-component of the wavevector, the
eigenvalue Epω, kxq “ d3{αpωq and the components of
the 2ˆ 2 Bloch Hamiltonian matrix are given by
Gν11pkxq “ Gν22pkxq “
ÿ
n‰0
gνpnqeikxdn,
Gν12pkxq “
ÿ
n
gνpn` β{2qeikxdn,
Gν21pkxq “
ÿ
n
gνpn´ β{2qeikxdn. (9)
The matrix is non-Hermitian, which allows E to take
complex values. Solving the equation for ω gives the
bulk dispersion relation of the chain. As an example
we consider the case of kspd{pi “ 0.42, corresponding
to d “ 77 nm, in figure 2, plotting the real part of the
dispersion relation for the longitudinal (a) and trans-
verse (b) polarisations with β “ 0.7, 1, and 1.3. The
band structure is symmetric in kx due to the inversion
symmetry of the system.
The relevant topological number of this system is the
Zak phase [60] using the periodic gauge [50, 61], given
by
γ “ φppiq ´ φp´piq
2
mod 2pi, (10)
where φpkxdq is the relative phase between pA and pB .
Although a variation on the Zak phase has been pro-
posed which takes into account the non-Hermiticity of
the system [44, 49], we will show that this Zak phase
is sufficient here. In a system with bulk-edge corre-
spondence a Zak phase of γ “ pi (γ “ 0) predicts
the existence (non-existence) of topologically protected
edge modes [62]. The colouring of the bands in figure 2
shows how φ changes moving away from the centre of
the Brillouin zone (BZ). We see that for β ă 1, γ “ 0
and for β ą 1, γ “ pi. There is a bandgap closure at
β “ 1 for complex ω (imaginary part not shown in the
figure), indicating a topological phase transition, and
the colouring of the bands shows that the Zak phase
is not an integer. Notably the closing of the gap in ω
is equivalent to the closing of the gap in E and it is
therefore enough to consider the eigenvalues E rather
than ω when examining the topological properties of
the system.
In this case the topological number is quantised by
chiral symmetry, where a given Hamiltonian Hˆ satis-
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fies the relation σzHˆσz “ ´Hˆ, where σz is the Pauli
spin matrix. We argued in a previous work [46] that
although G does not satisfy this relation, it is equal
to a chirally symmetric matrix plus an identity term
G11I. It therefore has the same eigenvectors as a chiral
matrix and so the Zak phase, which is calculated from
the eigenvectors, is equal to that of the chiral matrix
G´G11I. In chirally symmetric systems the eigenvalues
come in positive and negative pairs, leading to a spec-
trum that is symmetric about |E| “ 0. The addition
of the identity term shifts the bulk bands by G11pkxq in
the complex plane.
However, a subtlety not noted was that although the
bulk topological number is the same, bulk-edge corre-
spondence is not necessarily preserved. The sublattice
operators which guarantee the existence and protection
of zero eigenvalue edge modes in the finite chiral sys-
tem [30] do not exist for the finite ‘trivially broken chi-
ral’ system. Other studies have already argued that the
existence of large enough A to A and B to B hopping
causes the disappearance of edge modes in simple Her-
mitian and dipolar non-Hermitian systems [45, 48]. In
summary, chiral symmetry is the ingredient which pro-
tects the edge states, and although inversion symmetry
or an added identity term in the bulk still quantises the
Zak phase, they do not guarantee bulk-edge correspon-
dence. We study the effect that ‘trivial chiral symmetry
breaking’ has on the plasmonic chain by considering fi-
nite systems which are forced to be chiral, setting the
A to A and B to B hopping to zero artificially, and
comparing these with the physical ‘full dipolar’ model.
Figure 3(a) and (b) show |E| for N “ 600 particle
finite chains with β “ 1.3 with changing kspd. Chiral
bulk modes are shown in red and full dipolar modes in
blue, with topologically protected edge modes coloured
yellow. The dark grey region is where the spacing of
the particles is too small for the CDA to be applicable,
because at these shorter spacings higher order modes
come into play. Plots of projected real and imaginary
frequency ω for β “ 1.4 can be found in the SM. Fig 3(a)
shows the longitudinal polarisation. For β ą 1 the lon-
gitudinal bulk predicts a Zak phase of γ “ pi and in this
case we confirm that there are topologically protected
edge modes fixed at |E| “ 0 in the chiral case, and in
the full-dipolar case these modes slightly deviate from
zero as the particle spacing increases. This is consistent
with other works that suggest that the longitudinal full-
dipolar case always features bulk-edge correspondence
because A to A and B to B hoppings are ‘small enough’
for all kspd.
Fig 3(b) shows the transverse polarisation, with ver-
tical black lines marking the Zak phase transition ac-
cording to bulk calculations. In the chiral case we see
that for small enough kspd, where the long range term
in equation 6 is small, the Zak phase is equal to that of
the longitudinal chain. As kspd increases the Zak phase
for β above and below 1 swaps at specific values of kspd
in what we previously called retardation induced topo-
logical phase transitions, which are caused by the long
range term. These phase transitions are non-Hermitian
features which occur at exceptional points, where one
Figure 3: Eigenvalues of the chiral (red) and full dipolar
(blue) topological plasmonic chain with changing kspd for
the (a) longitudal and (b) transverse polarisations. Topo-
logically protected edge modes are yellow. The dark grey
area indicates the region where the CDA is not valid as the
particles are too closely spaced. Vertical black lines indicate
Zak phase transitions as predicted by the closing of the bulk
gap. (c) Edge mode profiles of (b) blue for different choices
of kspd.
of the off-diagonal terms in the Bloch Hamiltonian is
zero. The exceptional points come in pairs symmet-
rically around β “ 1; if G12 is zero for some value of
kspd for β “ 0.7 then G21 is zero for the same kspd for
β “ 1.3. Therefore for β “ 0.7 the Zak phase is exactly
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opposite to β “ 1.3 for all kspd.
In the chiral case the existence and non-existence
of zero edge modes are predicted perfectly by the Zak
phase; as expected the chiral finite chain has bulk-edge
correspondence. This proves that the Zak phase cal-
culation is sufficient for this system in this parameter
regime despite the non-Hermitian skin effect, which has
lead some to propose a modification of the Zak phase in
some 1D chiral systems [44, 49, 63]. In the full dipolar
case, however, the bulk and edge modes intersect be-
fore the first phase transition and for higher kspd there
is no longer bulk-edge correspondence. In this work we
will call this the bulk-edge correspondence breakdown.
We emphasise that the breakdown of bulk-edge corre-
spondence in this system is a chiral symmetry breaking
effect rather than a non-Hermitian effect, possibly be-
cause the system is not very non-Hermitian according to
measurements of phase-rigidity in similar dipolar mod-
els [48, 49]. BEC breakdown is not a topological phase
transition: edge modes are lost in the β ą 1 case but
not gained in the β ă 1 case (see supplementary mate-
rial, SM), and the Zak phase does not change. The fact
that this happens before the first Zak phase transition
is consistent with the notion that the breakdown occurs
because the long range term gets ‘too large’ and there-
fore the A to A and B to B terms get too large, as the
retardation induced phase transitions are also related
to the long range term becoming important.
Another feature to note in the (blue) full dipolar case
in figure 3(b) is the presence of modes outside the bulk
in the β “ 1.3 case for approximately kspd{pi ą 0.95.
These modes also exist in other β ą 1 cases (see SM),
and are localised to the edges of the chain. Importantly
their existence or non existence does not line up exactly
with the changing Zak phase, they have eigenvalues far
from |E| “ 0, and they do not appear to be well pro-
tected from disorder. We therefore do not label these
as topologically protected edge states and in this work
still consider bulk-edge correspondence to be broken.
Fig 3(c) shows log plots of the dipole moments |p| of
two edge modes, one far from the bulk-edge correspon-
dence breakdown at kspd{pi “ 0.25 and one close to
the breakdown at kspd{pi “ 0.5. In a chiral system the
edge modes are fully supported on one sublattice, which
would in this case be the A sublattice. Due to the chiral
symmetry breaking edge modes spill into the B sublat-
tice, but we apply our exponential fit (red line) only to
the A sublattice. Unlike the usual description of SSH
model phase transitions the edge modes are not fully
exponential but rather appear to feature a highly lo-
calised edge part with localisation length ξ, which does
not change as kspd increases, and a bulk-like compo-
nent that grows as kspd increases. It appears that as
the BEC breakdown approaches there is some mixing
between the bulk and edge modes. This long bulk-like
tail is related to the nature of the long range hopping.
In figure 3(a) and (b) the edge modes are highlighted
based on how close they are to zero, how localised the
edge part is, and how much larger the edge part is com-
pared to the average of the bulk part.
Although in the case of transverse polarisation chi-
ral symmetry is strongly broken as kspd becomes large
enough, the system still has a quantised Zak phase due
to its inversion symmetry represented by σxGpkxqσx “
Gp´kxq. Although this no longer corresponds to the
presence of edge modes, there is some evidence that the
topological properties of inversion symmetric systems
manifest in other ways [32, 33], and that there may be
measureable consequences of topological phase indepen-
dent of the existence of edge modes [21].
Missing from our current description of BEC break-
down is an understanding of exactly how the A to A
and B to B hoppings have to behave to break down
the topological protection of the system. In order to
better understand the effect that ‘trival’ chiral symme-
try breaking has on bulk-edge correspondence we take
a slight mathematical diversion to study a much sim-
pler non-Hermitian, next nearest neighbour extension
to the SSH model. This will aid us when we return to
the plasmonic chain afterwards.
3 Non-Hermitian NNN SSH
model
We consider a next nearest neighbour (NNN) SSH
model much like in a work by Pe´rez-Gonza´lez et al. [45]
with the addition of symmetric complex valued hopping
as in figure 4(a), which makes the model non-Hermitian.
This is a simplified version of a model studied by Li et
al. [64] Intracell hopping is given by v “ |v|eiφv , inter-
cell hopping by w “ |w|eiφw and A to A and B to B
hopping by J “ |J |eiφJ . The Hamiltonian is given by
H “
Nÿ
n“1
v r|n,Ayxn,B| `H.c.s
`
N´1ÿ
n“1
w r|n` 1, Ayxn,B| `H.c.s
`
N´1ÿ
n“1
Jr|n` 1, Ayxn,A| ` |n` 1, Byxn,B| `H.c.s,
(11)
where H.c. is the Hermitian conjugate. This model has
bulk Bloch Hamiltonian
Hbulkpkq “
ˆ
2J cospkq v ` e´ikw
v ` eikw 2J cospkq
˙
. (12)
This Hamiltonian has similarities to G in that it has in-
version symmetry and chiral symmetry broken by an
identity term, in this case proportional to the com-
plex variable J . In fact, the chiral system that this
model shares bulk eigenvectors with is exactly the non-
Hermitian SSH model studied by Lieu [28] and the sys-
tem has Zak phase γ “ pi (γ “ 0) when |w| ą |v| (|w| ă
|v|), with topological phase transition at |w| “ |v|.
Solving the eigenvalue problem gives the bulk eigen-
values,
Ebulk “ 2J cospkq ˘
a
v2 ` w2 ` 2vw cospkq, (13)
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while the variation of edge eigenvalues from the chiral
system’s Eedge “ 0 caused by the addition of small J is
given by perturbation theory (see SM), which confirms
the fit produced by Pe´rez-Gonza´lez et al. [45] in the
Hermitian case,
Eedge “ ´2J v
w
. (14)
Figures 4(b) and (c) show the evolution of finite chain
eigenvalues E as |J | increases for chains with N “ 200
particles with |v| “ 0.3, |w| “ 0.9, φv “ 0.75pi, φw “
0.4pi and two different choices of phase for J , φJ “ 0.4pi
in (b) and φJ “ ´0.1pi in (c). Bulk modes are coloured
blue and edge modes coloured yellow, with a red dashed
line showing the predicted path of edge modes according
to equation 14. Real and imaginary projected plots are
provided in the supplementary material. As expected
we see that edge modes enter the bulk for some value of
|J | and then disappear, marking the breakdown of bulk-
edge correspondence in the system. Figure 4(b) shows a
choice of parameters where the bulk bands move to close
and cross the path of the edge modes, while figure 4(c)
shows the case where the bulk does not close, but the
edge modes move into one of the bulk bands and thereby
destroy bulk-edge correspondence. From these figures
we see that there are the two phenomena that appear
to govern the destruction of bulk-edge correspondence
for long chains: the movement of the bulk as in (b),
and the movement of the edge modes as in (c). In fact,
there is a third case where the bands close due to finite
size effects, but we ignore this for now as we cannot
quantify it with the bulk Hamiltonian and its effect can
be reduced by increasing the number of particles in the
chain. For any set of parameters v, w and J , BEC
breakdown is caused by a combination of these effects.
Figure 4(d) shows edge modes of figure 4(c) for par-
ticular choices of |J |. As before they delocalise as we
approach the BEC breakdown, but unlike the plasmonic
topological insulator case they are completely exponen-
tial and as |J | increases so does the localisation length
ξ, until they are no longer localised.
Ignoring finite size effects we can find where the bulk
and edge modes first intersect by solving Eedgepkq “
Ebulkpkq for Jpkq. We then plot this value of J for
each k in the BZ, constructing the phase diagrams as
in figure 5. Figure 5(a) shows the BEC phase diagram
for the parameters used in figure 4(b) and (c). If the
system starts at the origin with |J | “ 0 and moves in
a straight line away as the chirality breaking parame-
ter |J | increases, the edge modes and bulk meet when
we cross the black line from the white region to the
green region. Therefore the white region corresponds
to the values of J with bulk-edge correspondence and
the green region corresponds to values where it is bro-
ken. The red dashed and blue solid lines correspond to
choices of φJ from figures 4(b) and (c) respectively. We
can see that for figure 4(b) the bulk bands are shifted
directly towards |E| “ 0, whereas in figure 4(c) they
do not move towards |E| “ 0, so that the slower move-
ment of the edge modes causes BEC breakdown. This
illustrates that breakdown occurs for different degrees
Figure 4: (a) Diagram of next nearest neighbour SSH model
with complex hopping v, w and J . (b) and (c) Bulk (blue)
and edge mode (yellow) eigenvalues of the non-Hermitian
NNN SSH model for changing values of |J |, for different
choices of hopping parameters and phases in (b) and (c).
Modes with larger |J | values are darker. The red dashed
line is given by perturbation theory (see SM). (d) Edge mode
profiles for the choice of parameters given in (c) for different
choices of |J |. For real and imaginary projections see SM.
of chiral symmetry breaking, |J |, depending on the di-
rection the bands are shifted due to choice of param-
eter φJ . For |v| ăă |w|, as in figure 5(a), the phase
corresponding to the smallest |J | at which BEC break-
down occurs is φJ “ φw and the transition happens at
J “ w{2 (yellow cross). Comparing figures 4 and 5(a)
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Figure 5: (a) BEC phase diagram with predicted region of
bulk-edge correspondence (white) and its breakdown (green)
for parameters of the chain from fig 4, with φJ from fig 4(a)
(red dashed line) and fig 4(b) (blue line), yellow cross at
w{2 and dotted line along φw. (b) BEC phase diagrams for
|v| „ |w| and varying φv. The red, blue and green colourings
represent different regions where BEC breakdown occurs for
different choices of φv, with red for φv “ 0.73pi, red and
blue for φv “ 0.7pi, and finally all of red, blue and green for
φv “ 0.5pi
we see that when φJ „ φw BEC breakdown is domi-
nated by bulk movement and when φJ is far from φw
it is dominated by edge movement. In the Hermitian
model φJ “ φw always. Non-Hermiticity allows for
complex J and therefore leads to different behaviours
depending on the ‘path’ of the bulk in complex space.
Figure 5(b) shows the case where |v| is similar but
still smaller than |w|, for different values of φv. The
colouring represents different regions where breakdown
occurs for different choices of φv, with red for φv “
0.73pi, red and blue for φv “ 0.7pi, and finally all of
red, blue and green for φv “ 0.5pi. As φv gets closer
to φw the region of bulk-edge correspondence becomes
larger, until at φv “ φw it theoretically only breaks
down when φJ “ φw. However, for φJ further from φw
the breakdown is dominated by finite size effects which
shrink the BEC region. In this case when φv is not
similar to φw we also see that the shortest path in J
space is not necessarily along φJ .
We briefly summarise the results which will be useful
for our study of the plasmonic chain. Increasing chi-
ral symmetry breaking causes both the bulk and edge
modes to be shifted in complex space until one collides
with the other, at which point BEC breakdown occurs.
We have observed a system where depending on the
choices of parameter either the bulk or edge mode move-
ment can be made to act as the dominant effect. The
parameter in question chooses the direction in which
the bands are shifted in complex space, which has a
significant effect on exactly how much chiral symmetry
breaking causes BEC breakdown. This is an important
question only in a non-Hermitian system where eigen-
values are complex, because in a Hermitian system the
‘direction parameter’ is fixed along the real line.
4 BEC breakdown in the plas-
monic chain
Previous works have discussed the fact that a break-
down in bulk-edge correspondence occurs in the trans-
verse case when the long range term in the Green’s func-
tion becomes large enough that A to A and B to B
hoppings are comparable to A to B and B to A hop-
pings [48, 49]. In the following we elaborate on what
these requirements actually are and how we can find
where this occurs by considering bulk terms.
As discussed in the previous section, depending on
the parameters of a system BEC breakdown can be
dominated by the movement of the bulk or of the edge
modes. Although it is difficult to exactly align parame-
ters of the plasmonic system with parameters from the
NNN system, we can see from plots like figure 3(b) and
others (see SM) that the edge modes do not move far
from zero before they enter the bulk. We note that the
edge modes do move a little more when β is further from
β “ 1, but nevertheless conclude that the movement of
the bulk dominates and that it is reasonable to approx-
imate Eedge “ 0. The bulk bands Ebulkpkxq are given
by the off-diagonal terms of the bulk Bloch Hamiltonian
˘aG12pkxqG21pkxq plus a shift in complex space by the
chiral symmetry breaking on-diagonal term G11pkxq. In
the Hermitian case [45] one of the bands can cross zero
when, for some value of kx in the Brillouin zone, the
magnitude of the chirality breaking shift is equal to that
of the chiral bands,
|G11pkxq| “ |
a
G12pkxqG21pkxq|. (15)
As we saw in the previous section, when considering a
non-Hermitian system we must be careful because de-
pending on the parameters the bands are not necessarily
shifted towards |E| “ 0. The plasmonic system’s equiv-
alent parameter to the NNN system’s φJ is the phase
of G11, which differs in that it has kspd dependence.
In much the same way that kx was the parameter for
the breakdown value of J in figure 5, we are interested
in where in the BZ, given by kx, the bulk bands of
the plasmonic system first cross |E| “ 0, in order to
identify which direction the phase of G11 points. By
observing bulk band structures we see that dips at the
light line lead to the zero-line crossing as kspd increases,
because these dips give the minimum |E| for one of the
bands. We also observe that at the light line the phases
7
of G11pkxq and one of ˘
aG12pkxqG21pkxq are approxi-
mately equal, possibly related to the phase contribution
given by exppikspd˘ ikxdq “ 1 at the light lines.
These observations tell us that the plasmonic system
is in a situation roughly equivalent to the NNN φJ «
φw « φv case. The edge mode eigenvalues don’t move
significantly, and for certain kx the bulk bands move
almost directly towards |E| “ 0 as kspd increases. This
means that for certain kx when the shift G11pkxq is equal
in magnitude to the chiral bands
aG12pkxqG21pkxq we
expect the bands to cross |E| “ 0. In light of this we
define a measure of non-chirality for this system,
η “ max
kxPBZ
|G11pkxq|
|aG12pkxqG21pkxq| . (16)
We plot η in figure 6 for changing kspd versus β for
the transverse modes of the chain, overlaid with red
crosses where the edge modes of finite chains of N “
600 enter the bulk. The colour saturates so that white
corresponds to values of η ą 1. The grey dashed line
is the minimum value of kspd for which the CDA is a
good approximation. From the definition, when η “ 0
the system is fully chiral. We consider η by once again
fixing β, starting with small kspd, then increasing to
see how the BEC breakdown occurs as we do so. For
small kspd, when η ă 1 the bulk cannot have crossed
the zero line, so we expect the edge modes to still exist
and to have bulk edge correspondence. Approximately
when η “ 1 one of the bulk bands touches the zero line
and therefore the edge modes have entered the bulk,
with some small disagreement due to the Eedge “ 0 and
phases being equal at the light lines approximations.
Finally when η ą 1 we expect BEC to have broken down
because the edge modes have already entered the bulk.
In figure 6 we see that η “ 1 at roughly the same kspd
for which BEC breakdown occurs in the finite systems,
again shown as red crosses. This supports the notion
that η is a good measurement of non-chirality for the
system.
In figure 6 we see that after the lowest values of kspd
such that η ą 1, increasing kspd sometimes leads to a re-
gion where η ă 1, such as the yellow islands surrounded
by white. We do not necessarily expect the return of ex-
act bulk-edge correspondence, confirmed by finite chain
simulations like those in figure 3(b). However, if η ever
returns to η “ 0 then BEC must return because the
system must be perfectly chiral. This means it is dif-
ficult to claim anything certain about these particular
cases. Peaks at kspd{pi “ n where n is an integer are
due to the light lines meeting at the edge of the BZ
and combining to cross the |E| “ 0 line for lower kspd.
Finally, for the longitudinal case in this region and all
regions examined we find η ă 1, which agrees with the
fact that we always expect bulk-edge correspondence
with this polarisation.
From both the bulk measure η and finite systems (red
crosses) we observe that for a given value of particle ra-
dius, here a “ 5 nm, as the period of the chain increases,
BEC breaks down in agreement with our discussion of
the breaking of chiral symmetry. The measure η is a
useful measure of the non-chirality of the system which
Figure 6: η for the transverse modes of the chain, for differ-
ent β and kspd, which saturates so that values of η ą 1 are
white. Red crosses correspond to the locations where edge
modes enter the bulk in finite 600 particle chains, possibly
indicating the BEC breakdown. The grey dashed line corre-
sponds to the minimum value of kspd{pi for which the CDA
is a good approximation.
can be used as a map for experimentalists to search
for parameters of kspd that can be expected to exhibit
bulk-edge correspondence. In the figure kspd{pi “ 1 cor-
responds to d “ 184 nm, so for example a chain with
β “ 1.4 can be expected to retain bulk-edge correspon-
dence up to approximately d “ 120 nm. For larger val-
ues of β, the value of the period for which BEC break-
down occurs increases. Hence, it would be experimen-
tally favourable to choose larger values of β and larger
periods d to observe topological edge modes in these
plasmonic chains as the particles would not need to
be very closely spaced, relaxing fabrication constraints.
On the other hand, regarding particle size, we expect
qualitatively similar results for particles up to 20 nm
radius. Here radiative effects would be more prominent
but the topological properties would be qualitatively
the same as we describe in this paper for smaller parti-
cles [46]. Experimental techniques such as cathodolumi-
nescence spectroscopy and non-linear light generation
can be used to probe topological band structures in pho-
tonics [54,65]. Plasmonic system with similar SSH-like
physics have also been studied experimentally [66, 67].
Other dipolar systems such as chains of cold atoms or
phonons in SiC would also be expected to exhibit simi-
lar topological behaviour because they exhibit the same
type of hoppings [48,49].
Beyond the topological plasmonic chain, individual
systems featuring chiral symmetry breaking must be
examined on a case-by-case basis to understand where
BEC breakdown occurs, by considering the behaviour
of the edge modes and bulk. As demonstrated by
the above study one can apply some of the knowledge
gained from the simple non-Hermitian NNN SSH model
to develop a measure for a more complicated system.
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5 Conclusion
In this article we have broadened the discussion of bulk-
edge correspondence in non-Hermitian systems, elabo-
rating on the question of what happens when chiral
symmetry is broken in one dimensional systems. We
have shown that the question of how strictly chiral sym-
metry must be obeyed in order to observe topological
protection is an important one if we wish to be careful
about real world topological insulators like the topolog-
ical plasmonic chain.
We recalled the model for a chain of metallic nanopar-
ticles with alternating spacing and discussed how such
a chain has been shown to exhibit topological proper-
ties such as a quantised Zak phase and topological pro-
tection of edge modes. Photonic systems like the plas-
monic chain are natural non-Hermitian systems and can
provide a valuable tool for theoretical and experimen-
tal exploration of topological insulators. The chain was
shown to exhibit a breakdown of this bulk-edge cor-
respondence in the transverse polarised case for large
spacing, although the existence of predicted ‘retarda-
tion induced phase transitions’ could still be measured
as a kind of weak topological insulator with inversion
symmetry.
We examined the non-Hermitian, next nearest neigh-
bour SSH model to provide some basic intuition for
the phenomenon of BEC breakdown, which is shown
to be caused by the movement of the bulk, the edge
modes and finite size effects, the first two of which could
be visualised with phase diagrams. This informed our
study of the plasmonic chain, where we defined a mea-
sure of chiral symmetry breaking η to find a parameter
regime for experimentalists to search for topologically
protected transverse edge modes in the system.
Beyond the models considered in this article we have
provided a framework for assessing the breakdown of
bulk-edge correspondence in systems where the move-
ment of the bulk movement dominates and is directed
towards zero in eigenspace, or the bulk and edge modes
move predictably.
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7 Supplementary Material
More bulk boundary breakdown plots
Behaviour of β ă 1 systems
Figure 7 shows |E| for N “ 600 particle finite plasmonic
chains with (a) β “ 1.4 and (b) β “ 0.6 with chang-
ing kspd. Zak phase transitions occur for the chain at
β “ 1 and at values symmetric around β “ 1, so that
symmetrically either side of β “ 1 the Zak phase is ex-
actly opposite. Comparing the chiral (red) case for (a)
and (b) we see that topologically protected edge modes
exist in the appropriate regions given the changing Zak
phase. The non-chiral (blue) full dipolar case highlights
that although BBC breakdown leads to the disappear-
ance of edge modes in the β ą 1 case (a), it does not
lead to the appearance of edge modes for the opposite
β ă 1 in (b). In addition to this we see that for β “ 1.4
the movement of the bulk dominates BEC breakdown
in (a), where the edge modes are nearly zero until they
enter the bulk for the first time.
As mentioned in the main text, we observe in the
(blue) full dipolar case the presence of modes outside
the bulk in the β “ 1.4 case (which do not exist for
β “ 0.6) for approximately kspd{pi ą 0.9. As discussed
in the main text these modes and are localised to the
edges of the chain but their existence does not agree
with the Zak phase, they are far from |E| “ 0, and
do not appear to be well protected from disorder. As
such we do not label these as topologically protected
edge states and consider the system to still have broken
bulk-edge correspondence. Although it appears that
these are approaching the |E| “ 0 point in this plot
these modes actually move back up into the bulk as
kspd{pi increases. This return and loss of modes outside
of the band which do not correspond to the Zak phase
continues to happen as kspd{pi increases.
Real and imaginary parts
Figure 8 shows the real and imaginary parts of the fre-
quency ω for figure 7(a), similar to 3(b) in the main text
but for β “ 1.4, using E “ d3{αpωq. In the non-chiral
(blue) case edge modes disappear as the bulk crosses
their path, as shown in the |E| plots featured in the
main text.
Figure 9 shows the real and imaginary parts of the
eigenvalues for figure 4(b) and (c) in the main text. For
the real part in Figure 9(b) the bulk obscures the edge
modes, but BEC correspondence doesn’t break down
until the edge modes disappear in the imaginary part
plot.
Perturbation theory for NNN edge state
energies
We start with a finite SSH model with complex hop-
pings v and w with symmetric but non-Hermitian
Hamiltonian of the form,
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Figure 7: Eigenvalues of the chiral (red) and full dipo-
lar (blue) topological plasmonic chain with changing kspd
for the transverse polarisation with (a) β “ 1.4 and (b)
beta “ 0.6. Topologically protected edge modes are yellow.
The dark grey area indicates the region where the CDA is
not valid as the particles are too closely spaced. Vertical
black lines indicate Zak phase transitions as predicted by
the closing of the bulk gap.
H0 “v
Nÿ
n“1
r|n,Ayxn,B| `H.c.s
`w
N´1ÿ
n“1
r|n` 1, Ayxn,B| `H.c.s . (17)
We treat the addition of next nearest neighbour hop-
pings as a perturbation by an operator J , which fea-
tures A to A and B to B hoppings and is of the form,
J “ J
N´1ÿ
n“1
r|n` 1, Ayxn,A| ` |n` 1, Byxn,B| `H.c.s.
(18)
Figure 8: Frequency values of the chiral (red) and full dipo-
lar (blue) topological plasmonic chain with changing kspd for
the transverse polarisations. Topologically protected edge
modes are yellow. Vertical black lines indicate Zak phase
transitions as predicted by the closing of the bulk gap.
We wish to find what happens to the zero energy edge
modes of H0 as we increase the strength of the next
nearest neighbour hopping, by examining the matrix
H1 “ H0 ` J , where we treat J as the small parame-
ter which turns on the next nearest neighbour hopping.
Since H0 is symmetric its right and left eigenvectors are
related simply,
H0v0n “ E0nv0n, (19)
pv0nqTH0 “ E0npv0nqT , (20)
with the orthogonality condition that pv0mqTv0n “ 0 if
m ‰ n. We are interested in looking at the edge modes
which have E0 “ 0, so we can work through the usual
perturbation theory using the symmetry properties to
show that, to first order, the energy of the perturbed
edge modes will be given by
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Figure 9: (a) and (b) Bulk (blue) and edge mode (yel-
low) eigenvalues of the non-Hermitian NNN SSH model for
changing values of |J |, for different choices of hopping pa-
rameters and phases corresponding to figures 4(b) and (c)
respectively in the main text.
E1 “ pv
0qTJ v0
pv0qTv0 . (21)
According to section 1.5.6 of A Short Course On
Topological Insulators [30], in the thermodynamic limit
the left and right edge modes of the unperturbed SSH
chain are approximately given by the following:
|Ly “
Nÿ
m“1
am|m,Ay, |Ry “
Nÿ
m“1
bm|m,By, (22)
where am and bm are given by
am “ a1
ˆ´v
w
˙m´1
(23)
bm “ bN
ˆ´v
w
˙N´m
@m P t1, . . . , Nu, (24)
and a1 and bN fix normalisation.
First we calculate the numerator of equation 21
|LyTJ |Ly “ 2J
N´1ÿ
m“1
amam`1, (25)
and use equation 23 to see that
|LyTJ |Ly “ ´2J v
w
a21
N´1ÿ
m“1
´ v
w
¯2m´2
. (26)
Next we calculate the denominator of equation 21.
For the left eigenvalues this is given by
|LyT |Ly “
Nÿ
m“1
a2m, (27)
“ a21
Nÿ
m“1
´ v
m
¯2m´2
, (28)
So the energy of the left edge mode for small next near-
est neighbour hopping is given by
EL “ ´2J v
w
řN´1
m“1
`
v
m
˘2m´2řN
m“1
`
v
m
˘2m´2 (29)
In the thermodynamic limit N Ñ 8, given that |v| ă
|w| (which is required for edge modes to exist), this
converges to
EL “ ´2J v
w
, (30)
as predicted for the Hermitian case by numerical fit [45].
For completeness we perform the same calculation for
the right edge mode. We have, for the numerator,
|RyTJ |Ry “ 2J
N´1ÿ
m“1
bmbm`1, (31)
which when combined with equation 24 has
|RyTJ |Ry “ 2Jb2N
N´1ÿ
m“1
ˆ´v
w
˙2N´2m´1
(32)
Next we rearrange the sum by making the substitution
j “ N ´ m, at which point it becomes clear that the
calculation is the same as for the left edge modes,
|RyTJ |Ry “ ´2J v
w
b2N
N´1ÿ
m“1
´ v
w
¯2m´2
. (33)
For the right edge modes the denominator of equa-
tion 21. is given by
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|RyT |Ry “
Nÿ
m“1
b2m, (34)
“ b2N
Nÿ
m“1
´ v
m
¯2N´2m
, (35)
“ b2N
Nÿ
m“1
´ v
m
¯2m´2
, (36)
(37)
As with the left eigenmode the energy for small next
nearest neighbour hopping is given by
ER “ ´2J v
w
řN´1
m“1
`
v
m
˘2m´2řN
m“1
`
v
m
˘2m´2 (38)
Again, in the thermodynamic limit N Ñ8, given that
|v| ă |w| (which is required for edge modes to exist),
this converges to
ER “ ´2J v
w
, (39)
so as expected for this symmetric Hamiltonian both
edge modes have the same path in complex space as
the next nearest neighbour hopping J changes.
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